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1 A Minimization Problem
$n\geq 1$ $\Omega$ $\mathrm{R}^{n}$ $\partial\Omega$ Lipschtz
$\alpha>0$ $\Omega$ $D$
$-\triangle+\alpha\chi_{D}$
Dirichlet zero – $\lambda_{\Omega}(\alpha, D)$ $\chi_{D}$
$D$ $\chi_{D}(x)=1(x\in D)$ $\chi_{D}(x)=0(x\not\in D)$
$\lambda_{\Omega}(\alpha, D)$
$\lambda_{\Omega}(\alpha, D)=\inf_{\Omega u\in H1(0),u\not\equiv 0}\frac{\int_{\Omega}|\nabla u|2dx+\alpha\int_{D}ud_{X}2}{\int_{\Omega}u^{2}dx}$ . (1)
– $\phi(x)$ $\phi(x)$ $\Omega$
$-\triangle\phi(x)+\alpha xD(x)\emptyset(x)$ $=$ $\lambda_{\Omega}(\alpha, D)\phi’(_{X)},$ $x\in\Omega$
$\phi(x)$ $=$ $0$ , $x\in\partial\Omega$ (2)
( ) $\phi(x)>0(x\in\Omega)$
$||\phi||_{L^{2}(\Omega)}=1$
Elliptic regularity $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\Gamma \mathrm{e}\mathrm{m}$(see [GT,8,9 ])
$\beta\in(0,1)$ $\gamma\in(0,1)$
$\phi\in C^{0,\beta}(\overline{\Omega})\mathrm{n}C^{1,\gamma}(\Omega)$
1116 1999 121-138 121
$\lambda’D$
$\phi$ $C^{2}(\Omega)$
‘ $A\in(0, |\Omega|)$ ( $|\Omega|$ $\Omega$ $n$ )
$D(\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{g}\mathrm{u}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n})$ $C(A)$ :
$C(A)=\{D\subset\Omega;|D|=A\}$ .
2 $D_{1}$ $D_{2}$ $\chi_{D_{1}}(X)=\chi_{D_{2}}(x)\mathrm{a}.\mathrm{e}$ . $x\in\Omega$ –
– Minimization Problem
$\Omega,$ $\alpha>0$ $A\in(0, |\Omega|)$
$\Lambda_{\Omega}(\alpha, A)=$ $\inf$ $\lambda_{\Omega}(\alpha, D)$ (3)
$D\in C(A)$
(a) $\Lambda_{\Omega}(\alpha, A)$ $D^{*}\in C(A)$ ( $D^{*}$ optimal shape
$u$ $(u, D^{*})$ optimal pair ) ?
(b) optimal shape $D^{*}$ unique ? optimal shape $D^{*}$
$\lambda_{\Omega}(\alpha, D)$
$\Omega$ $\Omega$ $D$ $\alpha>0$
$D$
Minimization Problem
Minimization Problem [CGIKO], [CGK]
Numerical Results
Numerical Results optimal shape symmetry-
breaking [CGIKO], [CGK]
Op-
timal shape $(\Omega, \alpha, A)$
Numerical results
Numerical Results
Section 2 optimal shape
optimal shape – Section 3 $\Omega$
optimal shape 1 Monotonic-
$\mathrm{i}\mathrm{t}\mathrm{y}$ Section 4 $\Omega$ $\mathrm{R}^{2}$
$(\Omega, \alpha, A)$ optimal shape $\Omega$ symmetry
symmetry-breaking Section 5 Numerical Sc-
heme




Theorem 1 $([ccIKOl)$ $\alpha>0$ $A\in(0, |\Omega|)$ optimal pair $(u, D^{*})$
optimal pair $(u, D^{*})$
$(a)$ $\beta\in(0,1)$ $\gamma\in(0,1)$
$u\in C^{0,\beta}(\overline{\Omega})\cap H2(\Omega)\cap C^{1}’ 7(\Omega)$.
$(b)$ $t>0$ $D^{*}=\{x\in\Omega;u(X)\leq t\}$
$(c)n\geq 2$ $\alpha=\overline{a}_{\Omega}(A)$ $s=t$ levei set $\{x\in\Omega;u(x)=$
$s\},$ $s\geq 0$ $n$
$\overline{\alpha}_{\Omega}(A)$ $\Lambda_{\Omega}(\alpha, A)=\alpha$ $\alpha>0$ unique
unique $\alpha$ $\overline{\alpha}_{\Omega}(A)$
Remark 1 $\alpha\neq\overline{\alpha}_{\Omega}(A)$ –
$D^{*}=\{_{X}\in\Omega;u(_{X)<t}\}$
Theoreml $(c)$ $n\geq 2$ $\alpha=\overline{\alpha}_{\Omega}(A)$ $\{x\in\Omega;u(x)=t\}$
$\{x\in\Omega;u(x)=t\}$
Theorem 1(b), (C) [CGIKO] Numerical scheme
optimal pair
Optimal Pair : $\Omega,$ $\alpha>0,$ $A$
$\Lambda=\Lambda_{\Omega}(\alpha, A)$ , $\lambda(D)=\lambda_{\Omega}(\alpha, D)$
$\{D_{j}\}\subset C(A)$ minimizing sequence , i.e. $\lambda(D_{j})arrow\Lambda$ as
$jarrow\infty$ . $u_{j}\in H_{0}^{1}.(\Omega)\text{ }\Delta+\alpha\chi_{D_{j}}$ $L^{2}$-normalized –
$\lambda(D_{j})$ $\{u_{j}\}$ $H_{0}^{1}(\Omega)$ $\{\chi_{D_{j}}\}$ ( ) $L^{2}(\Omega)$
$\{u_{j_{k}},\}_{k=}^{\infty}1\subset\{u_{j}\},$ $\{\chi_{D_{j_{k}}}\}_{k=1}^{\infty}\subseteq \mathrm{t}x_{D_{j}}\}$ $u\in H_{0}^{1}(\Omega),$ $\eta\in$
$L^{2}(\Omega)$









$\int_{\Omega}\eta dx=A$ , $0\leq\eta(x)\leq 1a.e$ . $x\in\Omega$ . (5)
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$\eta(x)\leq 1$ $\epsilon>0$ $S\subset\Omega$ $\eta(x)\geq 1+\epsilon(x\in S)$
$|S|>0$
$\int_{\Omega}xD_{j_{k}}xSdxarrow\int_{\Omega}\eta\chi s^{d_{X\geq}}(1+\epsilon)|S|$ .
$| \int_{\Omega}\chi_{D_{j_{k}}}\chi sd_{X|}\leq|S|$ . $\eta(x)\geq 0$
(4) $\psi\in H_{0}^{1}(\Omega)$ Elliptic regularity
theoreln(see $[\mathrm{G}\mathrm{T},$ $8,9$ ]) $u$ Theorem 1(a) $u(x)>0(x\in\Omega)$
$\int_{\Omega}u^{2}d_{X=}1$
$\int_{\Omega}|\nabla u|2dx+\alpha\int_{\Omega}\eta u^{2}dx=\Lambda$. (6)
Minimization Problem:
{
$\eta;\int\eta dx=A,0\inf_{1\leq\eta(x)\leq\}}\int_{\Omega}\eta u^{2}dX$ (7)
$\eta=\chi_{D}$ ( $[\mathrm{L}\mathrm{L}$ , Theorem 1.14] ) $\text{ }$ $D$ $|D|=A$
$\{x\in\Omega;u(_{X)<t}\}\subset D\subset\{x\in\Omega;u(X)\leq t\},$ $t= \sup\{s;|\{X\in\Omega;u(_{X})<S\}|<A\}$
$\Lambda\leq\lambda(D)$ $\leq$ $\int_{\Omega}|\nabla u|2dX+\alpha\int\Omega u^{2}x_{D}dX$
$\leq$ $\int_{\Omega}|\nabla u|^{2}dX+\alpha\int_{\Omega}\eta u^{2}dx\leq\Lambda$ . (8)
$\lambda(D)=$ A $u$ \Delta +\alpha \mbox{\boldmath $\chi$}D – , optimal pair $(u, D)$
$\eta=\chi_{D}$
Lemma 1 $\chi_{D_{j_{k}}}$ $\chi_{D_{j_{k}}}arrow\chi_{D}$ $L^{2}(\Omega)$
$A\ominus B=(A\backslash B)\cup(B\backslash A)$
$|D_{j_{k}}\ominus D|arrow 0$ $(karrow\infty)$ (9)
$u_{j_{k}}l3:u$ $H^{1}(\Omega)$
$||u_{j_{k}}-u||_{L(\Omega)}\inftyarrow 0$ $(karrow\infty)$ (10)




[De, Lemma 1] Theorem 1 optimal shape $D^{*}$
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Theorem 2 $(l^{cGIK}\mathit{0}\mathit{1})\alpha>0$ $A\in(0, |\Omega|)$ $D^{*}$ ptimal shape
$(a)D^{*}$ $\partial\Omega$
$(b)\alpha<\overline{\alpha}_{\Omega}(\mathrm{A})$ $D^{*}$ $D_{0}$ $\overline{D_{0}}$ $\partial\Omega\neq\emptyset$
$\Omega$
$\alpha<\overline{\alpha}_{\Omega}(A)$ $D^{*}$
Theorem $2(\mathrm{a})$ Theorem 1(b) Theorem $2(\mathrm{b})$ $\alpha<\overline{\alpha}_{\Omega}(A)$
$\Lambda_{\Omega}(\alpha, A)>\alpha$
$([\mathrm{c}\mathrm{G}\mathrm{I}\mathrm{K}\mathrm{o}]$
) optimal shape – Free Boundary $\partial D^{*}$
(i.e. $\{x\in\partial D^{*};$ $|\nabla u(x)|\neq 0\}$ ) $C^{\infty}$ $\alpha$ optimal
shape Laplacian – level set control [CGIKO]
3 $\Omega$ Optimal Shape
$\Omega$ 1 optimal shape unique
Theorem 3 ([CGIXOl) $\Omega=BR(\mathrm{o})=\{x\in \mathrm{R}^{n} ; |x|<R\}_{\text{ }}$ $\alpha>0,$ $A\in(0, |\Omega|)$






Theorem 4 $(l^{cc}IKOJ)\alpha\neq\overline{\alpha}_{\Omega}(A)$ $\Omega$ $x_{1}$
optimal pair $(u, D)$ $u$ $D^{c}$ $x_{1}$ $u$ $x_{1}$
$x_{1}\geq 0$
Theorem 4 [CGIKO] rearrangement
1 $\Omega=(-R, R)$ $D^{*}=(-R, -r(A))\cup(r(A), R)$ unique opti-
mal shape Theorem 3 $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{f}\mathrm{i}\dot{\mathrm{g}}$ ura-
tion $D_{1},$ $D_{2}$ $\lambda_{\Omega}(\alpha, D_{1})$ $\lambda_{\Omega}(\alpha, D_{2})$
$D$ $A\in(0, |\Omega|)=(0,2R)$
1 1 $0<l<A$ $l’=A-^{\iota}$
$D(l)=(-R, -R+l)\cup(R-l’, R)$
$\lambda(l)$ $-\triangle+\alpha\chi_{D}(l)$ – $u_{l}(x)$
$\lambda(l)$ $l$ Monotonicity $-R+l$
$R-l’$ $P,$ $Q$
125




$\frac{d\lambda(l)}{dl}>0$ $(l> \frac{A}{2})$ , $\frac{d\lambda(l)}{dl}<0$ $(l< \frac{A}{2})$ .
(11) ?2– Hadamard [HKK]
Theorem 5 : $\epsilon$ $\epsilon>0$
$||u_{\iota+\epsilon}||L^{\infty}(\Omega)$ $\epsilon$ – $C$
$|\lambda(l+\epsilon)-\lambda(l)|\leq C\epsilon$ , (12)
$||u_{l+\epsilon}-u\iota||L^{\infty}(\Omega\rangle$ $=o(1)$ (13)
(12)
(13) $u_{l+\epsilon}$ $u_{l}$ $L^{2}(\Omega)$ $w(\epsilon)=u\iota+\epsilon-u\iota$
$-\triangle w(\epsilon)+(\alpha\chi D\iota+\epsilon-\lambda(l))w(\epsilon)=(\lambda(l+\epsilon)-\lambda(l))u_{l\epsilon}+-\alpha(\chi D_{l}+\epsilon-x_{D}\mathrm{l})u(\iota)$
$L^{\infty}$ (see, e.g., $[\mathrm{G}\mathrm{T}$ , Theorem 8.15]) (12)
$u_{l+\epsilon},$ $u\iota$ $u_{l},$ $u_{l+\epsilon}$
$\text{ }\ovalbox{\tt\small REJECT}^{}.x\text{ }\backslash$
$( \lambda(l+\epsilon)-\lambda(l))\int_{\Omega}u_{l+\xi}uldx=\alpha\int_{\Omega}(x_{D_{l+\epsilon}}-xD\iota)u_{l}+\epsilon\iota udx$
(12) (13)
$\frac{\lambda(l+\epsilon)-\lambda(l)}{\epsilon}$ $=$ $\frac{\alpha}{\epsilon}\int_{\Omega}(x_{D_{l\epsilon}}+-x_{D}\iota)u_{t}d_{X}+\text{ }(21)$
$=$ $\frac{\alpha}{\epsilon}(\int_{P}^{P+\epsilon}u_{l}2dX-\int_{Q-\epsilon}^{Q}u_{l}^{2}d_{X)}+o(1)$
(11)
$P,$ $Q$ $T$ $\Sigma=(T, R)$ $x\in\Sigma$
$x^{T}$ $x=T$ $v(x)=u_{l}(x)-u\iota(x^{\tau})$
$l>A/2$
$-\triangle v(x)+\alpha\chi_{D(}\iota)v(_{X})=\lambda(l)v(_{X})$ , $x\in\Sigma$
126
$\partial\Sigma$ $v(x)\leq 0$ $v\not\equiv 0$
$\Sigma$ $\{v(x)>0\}$ $-\triangle+\alpha\chi_{D()}\iota$
$\mathcal{O}$ – $\lambda(l)$ –
$\lambda(l)$ $\Omega(\supset \mathcal{O}, \Omega\neq \mathcal{O})$ –
$v(x)\leq 0(x\in\Sigma)$
$v(x)=u_{l}(x)-u_{t}(X^{T})<0$ , $x\in\Sigma$





Theorem 6([CGIKO]) $\alpha>0$ $\delta>0$ $a>0$ $\Omega_{a}=\{x\in \mathrm{R}^{2};a<$
$|x|<a+1\}$ $a_{0}=a\mathrm{o}(\alpha, \delta)$
$a>a_{0}$ $D$ $\Omega_{a}$ $\alpha,$ $A=\delta|\Omega_{a}|$ optimal shape
$D$
thin symmetry-breaking
Figure 4 – thick
optimal shape Figure 3
Theorem 7([CGIKO]) $h\in(0,1)$ $2h$
$\Omega_{h}=B_{1}(-2,0)\cup((-2,2)\cross(-h, h))\cup B_{1}(2,0)$
$B_{r}(p)=\{x\in \mathrm{R}^{2};|x-p|<r\}$ $\alpha>0,$ $A\in(0,2T)$
$h_{0}=h\mathrm{o}(\alpha, A)>0$ $h<h_{0}$
$(a)$ optimal pair $(u, D)$ $x_{2}$ $\mathrm{A}\mathrm{a}_{\mathrm{o}}$
$(b)$ $A>\pi$ ptimal pair $(u, D)$ $D^{c}$ $B_{1}(\pm 2,0)$
(b) symmetry-breaking Figure $6(\mathrm{b})$
$D^{c}$ 1 $Aarrow$
$|\Omega|$ $D^{c}$ ?[CGIKO], [CGK]
Symmetry-breaking optimal shape uniqueness
$\Omega,$ $\alpha$ $A$
$A\sim|\Omega|$ (Figure $6(\mathrm{a})$ )
$\alpha,$
$A$ $\Omega$ symmetry-breaking









(i) : 1 $\Omega$




int $e_{i}\cap \mathrm{i}\mathrm{n}\mathrm{t}e_{j}=\emptyset$ $(i\neq j)$ .
(3) $e_{i}\cap e_{j},$ $i\neq j$
(ii) : $\overline{\Omega}$ $P_{i}(i=1, \cdots, N)$ $\phi_{i}(i=$
$1,$ $\cdots,$ $N)$
(1) $P_{j}$




$V_{h}= \{v_{h}=\sum j=1C_{j}\phi_{jj} ; c\in \mathrm{R}, \forall j\}$




$\alpha\int_{I}\chi_{D}uvdX=\lambda\int_{I}$ uvdx $\forall v\in H_{0}^{1}(I)$ ,
$(P_{h})$







$a_{ij}= \int_{I}\nabla\phi j$ . $\nabla\emptyset idx+IDd\phi j\phi_{i}X$ ,
$m_{ij}= \int_{I}\phi_{j}\phi_{i}dx$
$N\cross N$ $x$ $x=(x_{1}, \cdots, x_{N})^{\tau}$
–




(b) : (VPF) $\Lambda_{h}(\alpha;A)$
StepO: $|D_{0}|=A$ $D_{0}$
Stepl: $D_{j}(j\geq 0)$ $\lambda_{h,j}$
$u_{h,j}$
$\int_{I}\nabla u_{h,j}\cdot\nabla vhdX+\alpha\int_{I}\chi_{D_{j}}u_{h,j}vhdx=\lambda_{h,j}\int_{I}u_{h,j}v_{h}d_{X}$ $\forall v_{h}\in V_{h}$ .
Step2: Stepl $u_{h,j}$ $D_{j+1}$ 2 :
$\int_{D_{j+}}\text{ }$ $1u_{h,j}^{2}d_{X\leq} \int_{D}u_{h,j}^{2}d_{X}$ $\forall D\in C(A)$ .
Step 1 $u_{h,j}$ $L(t)$ $L(t)=|\{x\in\Omega : u_{h,j}(x)<t\}|$
$u_{h,j}(X_{\max})= \max uh,j(X)$
Step2-0. $\mathrm{u}\mathrm{P}=u_{h},j(X_{\max})$ down $=0$
Step2-1. interm $=$ (up+down)/2 $L(\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m})$
Step2-2. $L(\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m})<Afp\text{ }$ down $=\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}_{\text{ }}$ $L(\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\Gamma \mathrm{m})>Arx\text{ }$ up $=\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}k$
Step2-1, Step2-2 $L(\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m})=A$ $\mathrm{u}\mathrm{P}=$ down $D_{j+1}=\{x\in$
$\Omega$ : $u_{h,j}(x)<\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}\}$ $D_{j+1}$ Stepl – $\lambda_{h,j+1}$
$\lambda_{h,j+1}\leq\lambda_{h,j}$
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$\mathrm{s}\mathrm{t}\mathrm{e}_{\mathrm{P}^{3:}}$ eps Stepl, Step2
$|\lambda_{h,\iota h}j+-\lambda,j|<eps$ , $|D_{j+1}\ominus D_{j}|<eps$ ,
$eps=10^{-7}\sim 10^{-10}$
(a) Theorem 1 $u_{h,j}$ $D_{j}$ \triangle +\alpha \mbox{\boldmath $\chi$}D.
( $\alpha=$ \mbox{\boldmath $\lambda$} ) $t$ $\{u_{h,j}(x)=t\}$
$0$ $t$ $D_{j+1}=\{u_{h,j}(x)<t\}$ $D_{j+1}$ 1




$\lambda_{\infty}$ $\lambda_{n}$ $\lambda_{\infty}$ $\lambda_{\infty}=\Lambda_{\Omega}(\alpha, A)$ , $(D_{n}, f_{n})$ min-
imizing sequence $D_{n_{j}}$ $D_{n_{j}}$ 1 optimal shape $D$
Theorem 1 oP-
timal $\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{P}^{\mathrm{e}D}$ unique scheme ( )
$|D_{n}\ominus D|arrow 0$
$\lambda_{\infty}=\Lambda_{\Omega}(\alpha, A)$ $\lambda_{\Omega}(\alpha, D)$
$D$
( )
( $\lambda_{\infty}$ ) $\lambda_{\infty}=\Lambda_{\Omega}(\alpha, A)$






$(*):\lambda_{\Omega}(\alpha, D)$ $D$ ( ) unique optimal sh-





( ) unique optimal shape
unique ( ) 2
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( 2 4-o) optimal shape
unique $\lambda_{\infty}$









ma 1 $\eta=\chi_{D}$ $\int_{\Omega}|\chi_{D_{n_{j}}}-\chi_{D}|dXarrow 0(jarrow\infty)$
Claim: $\alpha\neq\lambda_{\infty}$ $t>0$ $D=\{x\in\Omega;u(x)<t\}$





$-\Delta w_{j}+(\alpha x_{D}j-\lambda j)wj=\alpha(\chi_{D}-\chi_{D_{j}}\grave{J}u+(\lambda j-\lambda)u$











$\partial D=\{X\in\Omega;u(X)=t\}$ .. (14)
131
( $[\mathrm{c}\mathrm{G}\mathrm{I}\mathrm{K}\mathrm{o}]$ ) 2 $\partial D$
smooth $\partial D$
$\partial D=\{\mathrm{x}(S)=(x(S), y(S));0\leq s\leq L\}$
$l\ovalbox{\tt\small REJECT}$




$\tilde{D}$ $|\tilde{D}|=A$ ( )
$\int_{0}^{L}\eta(s)(\mathrm{n}(S), \mathcal{U})d_{S}=0$
$\mathrm{n}(s)=(-dy(s)/ds, d_{X}(s)/ds)$ $\partial D$ $D$
$l\ovalbox{\tt\small REJECT}$ ( $\eta(s)$ ) $D$




$\frac{d\lambda}{d\nu}=\alpha\int_{\partial D}(u^{2}(_{S)-}t)2(\eta s)(\mathrm{n}(S), \nu)dS$ (15)
(14) $\lambda_{\infty}$
( ) $\lambda_{\infty}$
$=\Lambda_{\Omega}(\alpha, A)$ $D$ optimal shape 1
$(*)$
(c) 1 :
Claim: $\Omega=(0, L))\alpha>0,$ $A\in(0, L)$ $D_{0}$ $-$ $\lambda_{0}$
$\lambda_{0}>\alpha$ $D_{n}$
Proof: $D_{0}$ – , $D_{1}=$
$D(l)\equiv(0, l)\cup(m, L)(l+L-m=A)$
$D_{n}$ $n\geq 1$ Theorem 5 $\lambda(l)$
$l=A/2$ $\lambda(l)$ , optimal shape $D^{*}$ $D^{*}=(\mathrm{O}, A/2)\cup(L-$




$jarrow\infty$ $l,$ $L-marrow A/2$ $D_{j}arrow D^{*}$
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(a) Optimal Shape: $\Omega$
$\Omega=\{(x, y);x^{2}/4+y^{2}<1\}_{\text{ }}$ $|\Omega|=$ 6.278706 2 $\Omega$
Figure $1(\mathrm{a})$ $\alpha=1.0_{\text{ }}$ Figure 1(b) $\alpha=30.0$
$A$ optimal shape $D$ 1
$\alpha$ $D^{c}$
Conjecture 1 $\alpha,$ $A$ ptimal shape $D$ unique
$.D^{c}$ convex
$\alpha$ $D^{c}$ convexity [CGIKO]
(b) Optimal Shape: $\Omega_{a,b}=\{x\in \mathrm{R}^{2};a<|x|<b\}$
Figure $2(\mathrm{a})$ $A=2.0$ $\alpha$ 1 6
optimal shape $\Lambda_{\Omega}(\alpha, A)$ $\alpha$ optimal shape
Figure $2(\mathrm{b})$ $\alpha=1.0$ $A$ 22
27 $A$
Figure 3 $A=2.0$ 1 op-
timal shape $\alpha$ Figure 4 Theorem 6
$\Omega=\Omega_{a,a+1}$ $a$ $1\sim 5$
Conjecture 2 $\Omega$
$(a)\Omega,$ $A$ $\alpha$ ptimal shape unique
$\alpha$ ptimal shape
$(b)\Omega,$ $\alpha$ $A$ optimal shape unique
$A$ $|\Omega|$ ptimal shape
$(c)\alpha,$ $A$ $\Omega$ thick piimal shape uni-
que
Figure 3 $\alpha,$ $A$ ( ) 1
$\epsilon>0$ thick
optimal shape
$D=\{x\in \mathrm{R}^{2};\epsilon<|x|<r_{int}(\epsilon), r\mathrm{r}(\circ u\epsilon)<|x|<1\}$
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$\alpha$
[CGK] $r_{int}(\epsilon)arrow 0(\epsilonarrow 0)$
(c) Optimal Shape: $B_{\pm}$ $(\pm 2,0)$ , 1
$h$ $0<h<1$ $\Omega_{h}=B_{-}\cup((-2,2)\cross(-h, h))\cup B_{+}$
Figure 5 $h=0.3$ $A=$ 5.873584 $\alpha$ $\alpha$
optimal shape
Figure $6(\mathrm{a})$ $h=0.3$ $\alpha=0.1$ $A$




$(a)\Omega,$ $A$ $\alpha$ ptimal shape { $x_{2}$
unique $\alpha$ optimal shape $x_{2}$
$(b)\Omega,$ $\alpha$ $A$ optimal shape $x_{2}$




(a) Composite Membrane Problem: $\alpha<\overline{\alpha}_{\Omega}(A)$ [CGIKO]
” Minimization Problem optimal pair 2
optimal pair 1 1 $\circ$ ”
( [CGIKO], [CM] ).
Krein [Kr] 1 Theorem 3 Cox and McLaugh-
lin [CM] Theorem 1
$k$ Minimization Problem Maximization Problem
optimal shape Krein 1 op-
timal shape Minimization Problem optimal shape
(b) $D$ shape : $D$ shape Minimization Prob-
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NUMERI CAL COMPUTAT I ON
figurel(a) : $\alpha=1$ figurel(b) : $\alpha=30$
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figure2(a) : $A=2.0$ figure2(b) : $\alpha=1.0$
NUMERICAL COWUTATION
$\mathrm{a}\mathrm{l}\mathrm{p}\mathrm{h}\mathrm{a}\#.1$ del $\mathrm{t}\mathrm{a}\infty.5$
NUNiRICAL $\mathrm{o}\mathrm{I}\mathrm{P}\mathrm{u}\mathrm{T}\mathrm{A}\uparrow \mathrm{I}0\mathrm{N}$ $\mathrm{a}-1^{-_{1.0}}\mathrm{a}\mathrm{H}\mathrm{M}\mathrm{a}_{-}^{-}$ $[egg0]$
10. 113611
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figure5 : $A=5.873584$ Optimal shape $-$











figure6(a) : $\alpha=0.1$ figure 6(b) : $\alpha=0.1$ $A=4.0$
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